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In this Letter, we study the collective behaviour of a large number of self-propelled microswimmers immersed
in a fluid. Using unprecedently large-scale lattice Boltzmann simulations, we reproduce the transition to bacte-
rial turbulence. We show that, even well below the transition, swimmers move in a correlated fashion that cannot
be described by a mean-field approach. We develop a novel kinetic theory that captures these correlations and
is non-perturbative in the swimmer density. To provide an experimentally accessible measure of correlations,
we calculate the diffusivity of passive tracers and reveal its non-trivial density dependence. The theory is in
quantitative agreement with the lattice Boltzmann simulations and captures the asymmetry between pusher and
puller swimmers below the transition to turbulence.
A suspension of particles that can extract energy from
their surroundings and transform it into self-propulsion is
an archetypal example of active matter [1, 2]. Such sys-
tems do not obey the principle of detailed balance [3] at a
single-particle level and their behaviour often differs signif-
icantly from that of passive suspensions at the same condi-
tions [4]. Experiments on self-propelled particles like bac-
teria [5–7], sperm cells [8], mixtures of microtubules and
molecular motors [9], vibrated granular rods [10], “Quincke
rollers” [11], and “colloidal surfers” [12] reveal the existence
of non-equilibrium steady states with non-zero macroscopic
fluxes in these systems. One of the most striking exam-
ples is the phenomenon of “bacterial turbulence” [7, 13–15],
whereby a suspension of swimming bacteria at sufficient den-
sity forms a state with large-scale, coherent fluid motion.
Previous analytical [16–19] and numerical [20–24] stud-
ies recognise long-range hydrodynamic interactions between
swimmers as a key ingredient of their collective motion; in the
absence of external forces and torques, these interactions can
be described by a dipolar field [25]. The main observation of
the previous studies is that bacterial turbulence only emerges
in suspensions of pushers (dipolar swimmers that expel fluid
along their long direction), and is absent for pullers (dipolar
swimmers that do the opposite). This conclusion has been
corroborated by mean-field kinetic theories that consider the
dynamics of a single swimmer in an average hydrodynamic
field produced by other particles [16–19, 24].
Below the transition to collective motion, previous theo-
retical studies view motile suspensions as random and fea-
tureless, only acquiring non-trivial properties above the tran-
sition. In this Letter we demonstrate that due to the long-
range nature of (unscreened) hydrodynamic interactions be-
tween swimmers, pre-transitional suspensions develop very
strong correlations that dominate their dynamical properties
(see also [27]). Strong spatial, temporal and orientational
correlations between swimmers act as precursors to bacterial
turbulence and are essential to understanding the transition.
FIG. 1. a) Schematic picture of the model and its parameters for a
pusher swimmer. b) Snapshots showing the fluid velocity (in units
of vs) from LB simulations of pusher suspensions below (left) and
above (right) the transition to turbulence. The vectors denote the
in-plane fluid velocity, while the color map shows the out-of-plane
component. c) Root-mean-square fluid velocity 〈U2〉1/2 from LB
simulations. The pusher results are presented for four different side
lengths of the cubic LB box: L = 25, 50, 100, and 200 in LB units
(see [26]); other curves are for L = 100. All densities are given in
units of the swimmer body volume fraction ρbody = (4pi/3)a3n,
with a ≈ 0.3 (see [26]).
We therefore develop a novel kinetic theory that goes beyond
mean-field and compare its predictions to particle-resolved
lattice Boltzmann (LB) simulations of up to 4 million hydro-
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2dynamically interacting microswimmers.
To illustrate the significance of swimmer-swimmer corre-
lations, we consider the advection of passive tracer particles
immersed in a microswimmer suspension. The effective tracer
diffusion constant is an observable sensitive to the dynamical
state of the system, and it has been extensively studied exper-
imentally in suspensions of bacteria [28–30] and algae [31–
33]. For low densities of swimmers, it has been predicted to
scale linearly with the swimmer density and to be identical for
pushers and pullers of equal dipolar strengths [29, 30, 34–37].
Here, we use LB simulations and kinetic theory to show how
correlations break the pusher-puller symmetry and result in
non-linear scaling of the enhanced diffusivity with swimmer
density. Our analysis suggests that these correlations become
significant even for densities as low as 10% of the critical den-
sity, with the latter being estimated at a volume fraction of
∼ 2% for E. coli-like parameters (see below).
Model description. We consider a 3-dimensional suspen-
sion of N microswimmers immersed in a fluid of volume V
at number density n = N/V . Each swimmer exerts a force on
the fluid, −Fp, representing the flagellum, and an equal and
opposite force, Fp, applied a distance l from the propulsive
force, representing the cell body; here p is the swimmer orien-
tation (see Fig. 1a). The body is modelled as a sphere with hy-
drodynamic radius a, while the velocity scale of this model is
defined as v0 ≡ F/(µl), where µ is the viscosity of the fluid.
The dipolar strength of each swimmer is given as κ = Fl/µ,
with κ > 0 representing pushers and κ < 0 pullers, and the
non-dimensional swimmer density is defined as ρ = nl3. To
facilitate comparison with experimental results, we also define
the reduced density ρbody = (4pi/3)a3n, where a is estimated
as described in [26], which gives an estimate of the volume
fraction based on the bacterial body volume. Each swimmer i
moves according to the following equations of motion:
r˙αi = vsp
α
i + U
α(ri), p˙
α
i = P
αβ
i ∇γi Uβ(ri)pγi , (1)
where Pαβi = δαβ−pαi pβi ,U(ri) is the fluid velocity at the po-
sition of swimmer i, and vs is the swimming speed (see [26]);
Greek indices denote Cartesian components. In addition to
being rotated by the fluid, the orientation of each swimmer is
randomized with average tumbling frequency λ [38].
Lattice Boltzmann simulations. Large-scale numerical sim-
ulations of up to O(106) hydrodynamically interacting mi-
croswimmers in cubic boxes with periodic boundary condi-
tions were performed using a D3Q15 lattice Boltzmann (LB)
algorithm. The swimmers are described using the point-force
implementation developed by Nash et al. [39, 40], which ac-
curately captures the full far-field interactions between the
particles, while neglecting short-range hydrodynamics, lubri-
cation effects and non-hydrodynamic interactions; see [26] for
further details. As shown in Fig. 1b, we qualitatively cap-
ture the transition from seemingly random motion at low den-
sity of swimmers, to bacterial turbulence at higher densities
of pushers, visible as large-scale fluid vortices and jets. Quan-
titatively, this is characterised in Fig. 1c as a rapid deviation
of the root-mean-square fluid velocity 〈U2〉1/2 for pushers at
ρbody ≈ 0.02 (i.e., close to the experimentally observed tran-
sition densities [7, 13]), from the expected ρ1/2 behaviour at
low density to a state with much larger velocity fluctuations;
for pullers, correlations lead to 〈U2〉1/2 increasing slower than
ρ1/2. Figure 1c also highlights the strong system-size depen-
dence of these results: velocity fluctuations change apprecia-
bly when going from a box length of L = 25 (N ' 103−104,
comparable to previous particle-resolved studies [22–24]) to
L = 200 (N ' 106 − 107), indicating the need for very
large-scale simulations (at least L = 100 and N ' 105) to
describe the collective motion in these systems. We postpone
further characterisation of the turbulent state to future stud-
ies, and in the following we focus on velocity fluctuations in
the pre-transitional region (ρbody ≤ 0.02) and the buildup of
correlations that lead to bacterial turbulence.
In Fig. 2, we make the observation that, in this den-
sity regime, interactions between swimmers are dominated
by their mutual rotation, while the effect of advection is sec-
ondary. There we also show results obtained for so-called
shakers – particles that apply forces to the fluid but do not
swim. These behave very similarly to swimmers, not only
qualitatively [41] but also quantitatively, indicating that the ef-
fect of swimming is subdominant. We now proceed to develop
the kinetic theory, where the latter observation will prove to be
mathematically convenient.
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FIG. 2. Variance of the fluid velocity as obtained from LB simula-
tions (symbols) and kinetic theory (lines), normalized by its mean-
field value 〈U2〉mf = 21v0ρκ2n/(2048n). The density is normal-
ized by the critical density ρc = 5λn/|κn| . The blue line shows the
mean-field prediction, which matches simulations when swimmer-
swimmer interactions are switched off. Orange and green triangles
are LB results for pusher shakers without either advection or rotation
by the fluid. The theoretical results were obtained by numerically
solving the full integrals given before Eq. (8)
.
Kinetic theory. The central theoretical tool developed in
this Letter is a kinetic theory that describes the suspension at
a coarse-grained level. We assume that the swimmer density ρ
is sufficiently low that the single-swimmer Fourier-space ve-
locity field uk(p) can be described by that of a regularised
3point dipole [42]:
k2uαk(p) = −iκA(k) (k · p) [pα − k−2kα(k · p)]. (2)
Here, k = |k|, A(x) = x2K2(x)/2 with K2 the modi-
fied Bessel function of the second kind, and  is a regular-
isation parameter. The starting point of any kinetic theory
is standard [43] and is briefly summarised in the following.
The dynamics of the system is described by the master equa-
tion [44] for the N -body probability density function (PDF)
fN (z1, ..., zN , t), with zi = (ri,pi). We then introduce the
reduced PDFs fs = N !/(N−s)!
∫
dzs+1...dzNfN and derive
a BBGKY hierarchy for the fs [26]. This hierarchy is conve-
niently written in terms of connected correlations gs defined
by f2(z1, z2, t) = f1(z1, t)f1(z2, t) + g2(z1, z2, t) and simi-
larly for higher orders. To close the exact BBGKY hierarchy
in a controlled way, we follow the approximation scheme used
in equilibrium [43, 45–48] and non-equilibrium [49, 50] sys-
tems with long-range interactions, such as plasmas and self-
gravitating systems. We consider the limit of a large number
of swimmers, N  1, at a fixed density ρ; our approach is
perturbative in the small parameter 1/N , not in ρ, and, for
this reason, we get accurate predictions even close to the on-
set of bacterial turbulence. In this limit, and in the absence of
hidden divergences [51], we can demonstrate that f1 ∼ O(1)
and gs ∼ O(1/Ns−1). At leading order, gs = 0 for s ≥ 2,
we obtain the mean-field approximation already analysed in
the literature for swimmers [16–19, 24] and suspensions of
passive rods [52]. In this Letter we go beyond the mean-field
approximation, retaining g2 and discarding gs for s ≥ 3 [26];
henceforth, we use f ≡ f1 and g ≡ g2.
The perturbative analysis summarized above shows that g
solves
∂tg + L
(1)
f [g] + L
(2)
f [g] = C , (3)
where [53]
C ≡ 3
( n
4pi
)2 [
pα1 p
β
1∇αuβ(r1 − r2,p2)
+pα2 p
β
2∇αuβ(r2 − r1,p1)
]
, (4)
and
Lf [h]= λh− λ
4pi
∫
dp′h+∇α(vspαh) (5)
+
n
4pi
∂α
(
Pαβ∇γUβmf [h] pγ
)
,
where we used the notation ∂α ≡ Pαβ ∂
∂pβ
. Here,
Uαmf [h](r) =
∫
dr1dp1 u
α(r−r1,p1)h(r1,p1, t), and Lf [h]
is the mean-field operator V linearised close to f and act-
ing on the function h, where V = ∇α(r˙αmff) + ∂α(p˙αmff) +
λf− (λ/4pi) ∫ dpf and (r˙mf , p˙mf) are given by Eqs. (1) with
Uα(ri) replaced by Uαmf [f ](r); L
(i)
f acts on zi.
Motivated by our numerical observation that the nature of
the transition and the properties of the suspension can be un-
derstood in the absence of self-propulsion, we consider only
the case of vs = 0. We stress that, while being significantly
more complex, all the results presented below can also be ob-
tained for vs > 0, as will be shown in a forthcoming publica-
tion [54].
We now introduce an Ito¯ white noise η with covariance
E[η η] = C δ(t − t′), where E denotes the average over η,
and C is given by Eq. (4). Formally, the connected correla-
tor g can be written as g(z1, z2, t) = E[δf(z1, t) δf(z2, t)],
where δf solves
∂tδf + Lf [δf ] = η . (6)
Because g is the covariance of density fluctuations close to f ,
these fluctuations are described by the random field δf . Be-
ing small, they are given by a linear stochastic process, Eq.
(6), although the variance of the noise C is non-trivial and
could not have been guessed a priori. It is also remarkable
that, as a result of the coarse graining procedure, the den-
sity fluctuations are described by a stochastic process even
when the underlying microscopic dynamics are determinis-
tic (λ = 0). Equations (3) and (6) can be solved exactly
to yield δf = e−tLf δf(t = 0) +
∫ t
0
e−(t−s)Lf η(s)ds and
g =
∫ t
0
e−sL
(1)
f e−sL
(2)
f C ds [55]. As δ˜f = e−tLf δ˜f(t = 0)
solves ∂tδ˜f + Lf [δ˜f ] = 0, to compute g we only need the
solution δ˜f of the above deterministic dynamics, with appro-
priate initial conditions set by C. It turns out that δ˜f can
be found exactly for a generic initial condition [26]. For
the fluctuations of the fluid velocity in Fourier-Laplace space
δ˜U
α
k(ω) =
∫
d2p′ uαk(p
′) δ˜fk(p
′, ω), we then obtain the fol-
lowing closed expression
δ˜U
α
k(ω) =
1
C0(k, ω)
∫
d2p
δ˜fk(p, t = 0)u
α
k(p)
−iω + λ (7)
where, for the regularised dipolar field in Eq. (2), we have
C0(k, ω) = 1 − (κn/5)A(k)/(−iω + λ). Equation (7)
is valid under the assumption that the dynamical state de-
scribed by f is linearly stable, which corresponds to the ze-
ros ω∗ = ωR + iωI of C0(k, ω) having negative imaginary
parts in the Laplace domain, ωI < 0. These zeros are given
by ωR = 0 and ωI(k) = −λ + κnA(k)/5, which implies
that a suspension of pullers (κ < 0) is always stable, while
pusher suspensions (κ > 0) are stable only if n < 5λ/κ, in
agreement with earlier results [16–19].
We note the emergence of the characteristic time-scale ω−1I ,
which describes the typical time for a small fluctuation of the
fluid velocity to relax. At ρ = 0 it reduces to ω−1I = λ
−1,
while upon increasing the density, it decreases for pullers and
increases for pushers. This suggests qualitative differences
between the statistical properties of suspensions of pushers
and pullers even below the onset of bacterial turbulence.
Fluid velocity variance. We now compare the ki-
netic theory developed above with the results of LB
simulations by computing the variance 〈U2〉 of the
fluid velocity: 〈U2〉 = 〈U2〉mf + 〈U2〉corr, where
〈U2〉mf = n/(4pi(2pi)3)
∫
dkdpuαk(p)u
α
−k(p) is the mean-
field contribution and 〈U2〉corr contains corrections in-
4duced by swimmer-swimmer correlations. Using the for-
mal solution for g and Eqs. (4) and (7) we ob-
tain 〈U2〉mf = v20 ρκ
2
n
15pi2
∫∞
0
dkA2(nk) and 〈U2〉corr =
−v20 ρ
2κ3n
75pi2
∫∞
0
dkA
2(nk)
ωn(nk)
, which is well approximated by [26]
〈U2〉
v20
≈ 21ρκ
2
n
2048n
[
1± ρ(2ρc ∓ ρ)
2ρc(ρc ∓ ρ)
]
, (8)
where the upper sign corresponds to pushers and the bottom
one to pullers. Here, we have introduced the non-dimensional
units κn = κ/(l2v0), n = /l, ωn = ωI l/v0, and λn =
λl/v0, using l and l/v0 as the respective length- and time-
scales. The density ρc ≡ 5λn/|κn| corresponds to the on-
set of collective motion for pushers, and acts as a character-
istic density scale for pullers. Fig. 2 shows excellent agree-
ment between this prediction and the LB data, even close to
the onset of turbulence, emphasising the non-perturbative na-
ture of our approach. Equation (8) and the data in Fig. 2 can
also be used to assess the relative importance of correlations:
for ρ . 0.1ρc, pushers and pullers behave equivalently and
follow the mean-field prediction, while above it, correlations
have to be taken into account to obtain correct quantitative
predictions. We furthermore note that, using the body volume
(4pi/3)a3 with a ≈ 0.3 [26], we obtain ρbodyc ≈ 0.023, in
good agreement with the experimentally observed transitional
volume fractions of 2% in E. coli [7] and B. subtilis [13].
Enhanced diffusivity. We now consider the advection of a
passive tracer with the dynamics x˙ = U(x, t) immersed in a
suspension of shakers. Its long-time motion is diffusive [56],
and we use the kinetic theory developed here to calculate its
effective diffusion constant Dh. Denoting by xt the tracer
position at time t, we have 〈|xt − x0|2〉 = 6Dht, with Dh
related to the fluid velocity autocorrelation by [57]
Dh =
1
3
∫ ∞
0
ds C(xs, s,x0, 0). (9)
Here, C(xs, s,x0, 0) = E [δUα(xs, s) δUα(x0, 0)] and δU
is the fluctuating fluid velocity obtained from the solution
of Eq. (6). The computation of Dh is greatly simpli-
fied by iteratively inserting the solution of the tracer dy-
namics into Eq. (9), recalling that δU is small, and thus
Taylor expanding around x0 (see [58, 59]). At leading or-
der, we obtain Dh ' 13
∫∞
0
ds C(x0, s,x0, 0), where correc-
tions due to higher-order correlations have been discarded in
agreement with the approximations made in the kinetic ap-
proach. Given the solution of the linear dynamics, the diffu-
sivity reads Dh/(lv0) = − ρκ
2
n
45pi2
∫∞
0
dkA2(nk)/ωn(kn) +
ρ2κ3n
225pi2
∫∞
0
dkA2(nk)/ω
2
n(kn), and is approximated by [26]
Dh
Dfreeh
≈ 1
2
[
1 +
ρc
ρc ∓ ρ ±
(
ρ
ρc
+
ρρc
(ρc ∓ ρ)2
)]
. (10)
As in Eq. (8), the top (bottom) sign corresponds to pushers
(pullers). In the low density limit, Dh → Dfreeh + O(ρ2),
where Dfreeh /(lv0) = 〈U2〉mf/3λnv20 = 7ρκ2n/(2048nλn)
is the diffusivity obtained from discarding interactions be-
tween shakers. An interesting observation is that Dfreeh is,
contrary to the variance of the fluid velocity, sensitive to the
presence of self-propulsion: for shakers, Dfreeh diverges as
n → 0, while an analogous computation for swimmers gives
Dfreeh /lv0 = ρκ
2
n/48pi, in agreement with earlier theoretical
predictions [29, 30, 34–37]. We have confirmed this differ-
ence ofDfreeh between shakers and swimmers through LB sim-
ulations at low density.
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FIG. 3. Diffusivity Dh, normalised by its value Dfreeh in the non-
interacting limit of passive tracers, as a function of the reduced swim-
mer density ρ/ρc. Symbols denote results from LB simulations of
shakers or swimmers and solid lines show predictions of the kinetic
theory for the same parameters as in Fig. 2. Error bars represent
one standard deviation, estimated by averaging over four separate
LB runs. The theoretical results were obtained by numerically solv-
ing the integrals before Eq. (10).
In Fig. 3, we show that the enhanced diffusivity of tracers
measured in LB simulations is perfectly described by the ki-
netic theory even close to the onset of turbulence. We further
observe that Dh deviates from Dfreeh even for small densities
of shakers, again highlighting the importance of correlations.
Moreover, Eq. (10) correctly predicts how Dh depends dif-
ferently on ρ for pushers and pullers – an effect that has only
briefly been discussed in the literature [22, 24, 33, 60, 61].
An approach previously used by several authors [29, 30,
34–37] to predict Dh considers tracer displacements due to
scattering from a single swimmer. This leads to Dh '
Dfreeh ∼ ρκ2n, and reflects the pusher-puller symmetry upon
time-reversal in the Stokes equation. The extension of this
argument to scattering by any finite number of swimmers
presents a conceptual problem: the tracer displacement due
to a scattering event by a collection of pushers can also be ob-
tained in a suspension of pullers whose initial positions are set
equal to the final positions of the pushers, with their orienta-
tions reversed. This argument thus suggests that Dh should
be equal for pushers and pullers at all densities, at odds with
the numerical data in Fig. 3. The caveat in this argument is
that it assumes a uniform sampling of initial conditions for the
swimmers, while correlations between them will make some
configurations more probable. When taken into account prop-
5erly, these correlations break the pusher-puller symmetry even
at moderate densities, as in Eq. (10).
Conclusions. In this Letter, we have presented results
from a novel kinetic theory and unprecedently large particle-
resolved simulations of microswimmer suspensions, describ-
ing quantitatively the fluctuations and correlations that arise at
intermediate swimmer density. We have numerically shown
that the collective motion in swimmer suspensions is the re-
sult of their rotational dynamics in the flow created by other
swimmers, while self-propulsion and spatial correlations play
subdominant roles. We calculated the fluid velocity fluctu-
ations and the enhanced diffusivity of tracer particles, and
found significant deviations from the mean-field predictions
even at moderate swimmer densities. We demonstrated that
swimmer-swimmer correlations are responsible for these de-
viations and should thus be taken into account well below the
onset of bacterial turbulence. Understanding such correlations
is a prerequisite for a deeper understanding of the turbulent
state itself, in particular with regards to the presence or ab-
sence of a finite, characteristic length-scale in collective mo-
tion of microswimmers [5–8, 13–15].
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